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Introduction
It is well-known that the classical elasticity theory has certain deficiencies in describing the behaviour of structures in ultra small scales. Therefore, higher-order continuum theories which contain internal length scale parameters have been developed in order to interpret the material's behaviour in micro-and nano-scale.
Gradient elasticity (Mindlin, 1964 ) is one of the various alternatives for the classical elasticity. Within the 5 gradient elasticity theory, the strain energy is extended to include additional higher-order spatial derivatives of strains and/or stresses.
Micro-scale structures are broadly used in micro-electro-mechanical systems and devices such as sensors and resonators. Beams and plates are among the common engineering micro-structures in these systems. Accordingly, the accurate prediction of their behaviours under different loading conditions is of great im-10 portance.
Generalized continuum theories have been widely employed by several authors in order to study bending and vibration of mostly isotropic structures (e.g. Wang et al. (2010) ; Ramezani (2012) ; Civalek (2013b, 2014a) ; Wang et al. (2014) ; Yaghoubi et al. (2015) ) and functionally graded materials (Ansari et al., 2013b; Shafiei et al., 2016) . Furthermore, buckling of isotropic beams has been discussed in the context 15 of generalized continuum mechanics by different investigators. Papargyri-Beskou et al. (2003) obtained analytical solutions for bending and buckling of isotropic Euler-Bernoulli beams based on gradient elasticity and surface energy. Kumar et al. (2008) modeled the buckling of carbon nanotubes within the framework of Euler-Bernoulli beams and nonlocal continuum theories. They investigated the effect of the non-classical boundary conditions on the buckling behaviour of Euler-Bernoulli beams. The stability of an Euler-Bernoulli 20 beam within strain gradient elasticity and couple stress theories has been investigated by Akgöz and Civalek (2011) . Mohammad-Abadi and Daneshmehr (2014) have studied the buckling of Reddy, Timoshenko and Euler-Bernoulli beams based on the modified couple stress theory. Nonlinear formulation of bending and buckling of Euler-Bernoulli beams has been presented by Lazopoulos et al. (2014) considering strain gradient theory with surface energy. Akgöz and Civalek (2014b) proposed a trigonometric beam model for buckling 25 of beams using modified strain gradient theory. A new model for analysing the size-dependent behaviour of thick microbeams based on hyperbolic shear deformation beam and modified strain gradient theories was introduced by Akgöz and Civalek (2015) and bending as well as the buckling problem of a simply supported microbeam embedded in an elastic medium was studied. Within generalized continuum theories, buckling analysis of functionally graded beams has also been studied (Sahmani and Ansari, 2013; Ansari et al., 2013a;  30 Şimşek and Reddy, 2013; Akgöz and Civalek, 2014c) .
Most of the investigations about the size effects on beam structures have been limited to isotropic materials so far. Consequently, size-dependent buckling analysis of beams with general anisotropy is missing in the literature. Since anisotropy is an essential characteristic of many engineering materials, it is required to develop a model to study the size effects on anisotropic beam structures.
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Recently, isotropic gradient elasticity (Mindlin, 1964; Polizzotto, 2012) has been generalized towards an anisotropic gradient theory (Gitman et al., 2010; Auffray et al., 2013 Auffray et al., , 2015 Lazar and Po, 2015a) . In the case of general anisotropy, the strain energy within the gradient theory couples the strain and gradients of strain. Consequently, material properties are described by even-order as well as odd-order tensors. However, the general case of anisotropy can be simplified for the special case of centrosymmetric anisotropy, where 40 the strain energy includes only even-order tensors. These even-order tensors include a fourth-rank tensor and a sixth-rank tensor. The fourth-rank tensor is the well-known tensor of the classical elastic constants.
The sixth-rank tensor can be written as a combination of the classical tensor of elastic constants and a second-rank tensor of anisotropic length scale effects (Gitman et al., 2010; Lazar and Po, 2015a,b) . Such assumption has been recently employed by Mousavi et al. (2016) to analyse anisotropic plate structures 45 within strain gradient elasticity theory. Also, Yaghoubi et al. applied this assumption in order to study the bending of size-dependent anisotropic third-order shear deformable beam structures.
The objective of this paper is to investigate the buckling of homogeneous anisotropic centrosymmetric Timoshenko and Euler-Bernoulli beams within the framework of strain gradient elasticity. The von Kármán nonlinear strain which originates from the midplane stretching has been taken into account. Considering the special case of orthotropic materials, the governing equations are derived and solved analytically. This paper is organized as follows. In section 2, a review of the general three-dimensional variational formulation for a homogenous and centrosymmetric material considering von Kármán nonlinear strain tensor is presented. In Section 3, dimension reduction is applied to the three-dimensional formulation and the governing equations and boundary conditions are derived for centrosymmetric Bernoulli beams. In section 4, the governing buckling equations for orthotropic beams are formulated and the analytical solutions for specific examples of buckling of simply supported orthotropic Timoshenko and Euler-Bernoulli beams as well as orthotropic clamped Euler-Bernoulli beam are presented. The effect of the internal length scale parameters on the critical buckling load of the beams is illustrated for several specific examples. Finally, the conclusions are given in section 5. 
Anisotropic strain gradient elasticity
Within the framework of the strain gradient elasticity theory, the strain energy density function (U ) of a linear elastic solid is assumed to be a quadratic function in terms of strain and first-order gradient strain (Mindlin, 1964) 
The nonlinear elastic strain components ε ij are
where u j is the displacement components and comma denotes the partial derivative. The work conjugate of the Green strain tensor is the second Piola-Kirchhoff stress tensor (Reddy, 2013) . By omitting the large strain terms, but retaining only the term u z,i u z,j , the Green strain tensor in equation (2) is simplified to the von Kármán strain tensor (Reddy, 2004) (no summation on z):
Therefore, the Cauchy and second Piola-Kirchhoff stress tensors are not distinguished. In gradient elasticity theory, the Cauchy-like stress tensor components τ ij and double stress tensor components τ ijk are given by
where
According to Mindlin's theory of anisotropic strain gradient elasticity (gradient elasticity of form II), the strain energy density of a homogeneous and centrosymmetric material takes the form (Mindlin, 1964 )
Due to centrosymmetry, no coupling is considered between strain and strain-gradient terms (Auffray et al., 2013) . Above, C ijkl is the standard fourth-rank tensor of elastic constants for an anisotropic material and 3 has the following symmetry properties
The tensor C ijkl possesses 21 independent components for general anisotropy. The sixth-rank constitutive tensor D ijmkln incorporates material anisotropy and anisotropic length scale effects and possesses the following symmetries
Specific types of triclinic, monoclinic and orthorhombic crystals have centrosymmetric properties. For the sake of simplicity, the sixth-rank tensor D ijmkln is decomposed as a combination of the fourth-rank tensor C ijkl and a second-rank tensor of anisotropic length scale effects Λ mn as (Gitman et al., 2010; Lazar and Po, 2015a )
In equation (8), tensor Λ mn presents the anisotropy of the gradient length scale parameter (weak nonlocal anisotropy (Eringen, 2002) ) and reflects the new physical anisotropic effects which appear when the material is studied in ultra small scales (Lazar and Po, 2015a) . The tensor Λ mn has the dimension [m 2 ]. As a consequence of the symmetry properties (7), and since U is positive definite, the tensor Λ mn is symmetric 65 and positive definite. Consequently, by virtue of the decomposition, the 192 (21+171) independent material constants of a centrosymmetric triclinic material in Mindlin's anisotropic gradient elasticity theory (7) are reduced to 21 elastic constants and 6 internal length scale parameters in Mindlin's anisotropic gradient elasticity (8) with separable weak non-locality (Lazar and Po, 2015a) . The tensor Λ mn for different crystal symmetries is presented in Appendix A.
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Using equation (8), the strain energy density takes the form
Consequently, the Cauchy-like stress tensor τ ij and the double stress tensor τ ijk take the form
The strain energy density is
The strain energy U Ω in a region Ω occupied by the elastically deformed material reads
Finally, the variation of the strain energy (U Ω ) is
The variation of the external work is given by the following form
4 where ∂Ω represents the bounding (closed) surface of Ω, f i is the body force and, t i and q i are the Cauchy traction vector and the double stress traction vector on the boundary, respectively.
For static analysis, the principle of virtual work can be employed to derive the governing equation of the structure. This principle reads
Application of the principle of virtual work and the fundamental lemma of calculus of variation will lead to the governing equilibrium equations and boundary conditions in three dimensional form. Next, dimension reduction is applied to the three dimensional formulation and the general formulation is simplified for specific 75 cases such as beams. This task is pursued in the following section.
Buckling analysis of beam structures within anisotropic gradient elasticity
In this section, the formulation of centrosymmetric anisotropic strain gradient elasticity theory is simplified and the nonlinear governing differential equations for Timoshenko and Euler-Bernoulli beams are obtained.
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The formulation allows one to study the size effect on the buckling behaviour of micro-and nano-sized beams.
Anisotropic strain gradient Timoshenko beam
A beam with a rectangular cross section of height h and width b is considered (figure 1). The beam is assumed to be made of homogeneous and centrosymmetric anisotropic material.
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Figure 1: Beam with rectangular cross section subjected to axial compressive load P and axially distributed loadfx.
According to the Timoshenko beam theory, the displacement field of the beam is
where u x and u z represent the total displacements along the x-and z-axes, respectively. Above, u 0 and w denote the axial and transverse displacements of the neutral axis (x-axis), respectively, while β is the rotation of the beam cross section.
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Considering the assumption (16), the only non-zero components of the von Kármán strain tensor (3) are obtained as
According to equations (10) and (17), the Cauchy and higher stress components read
Employing the strain components (17) together with the stress field (18), the first variation of the strain energy (13) takes the form
In order to apply the dimension reduction, the classical stress resultants are defined as
In equation (20), K s is the shear correction factor. This factor needs to be determined for the corresponding cross-section and within the gradient elasticity formulation. In the following sections, we assume this factor to be identical to its classical companion. For instance and as the case in classical elasticity, K s = 5/6 for the rectangular cross-section. Moreover, the nonclassical resultants are defined as
Here, A represents the cross section area of the beam. Substituting the stress components (18) in these classical and nonclassical stress resultants, they can be written in terms of displacement field as
Using the definitions of the resultants (20) and (21), the variation of the strain energy of the beam (19) 6 takes the form
where L is the length of the beam. Applying Green's theorem to the variation of strain energy (24) 
The work done by the external forces is also assumed as
andf x is the axially distributed load. In equation (26), P denotes the axial compressive force at the end of the beam, and the term 1 2
dx is the approximate difference between the length of the deflection curve and the length of the inextensible beam (Timoshenko and Gere, 1989) . The variation of the external work
Applying Green's theorem to the external work (28) leads to
Substitution of the variations of strain energy (25) and external work (29) in the principle of virtual work (15) and considering fundamental lemma of calculus of variation results in the equilibrium equations
Additionally, the following boundary conditions are obtained via the variational approach
Within gradient elasticity, the variational approach leads to two options for both classical and nonclassical boundary conditions. For (simply supported and clamped) beam structures, similar to classical elasticity, Moreover, Polizzotto (2016) has recently presented a stress gradient elasticity theory, together with discussions on gradient-induced boundary conditions. For such stress gradient theory, it was concluded that no gradient-induced boundary conditions are required for a beam, whereas for a plate structure, gradient-100 induced conditions must be enforced.
It should be noted that analytical solutions are not available for all types of the boundary conditions.
Consequently, for an extensive study about the meaning of the higher boundary conditions of strain gradient and stress gradient theories, numerical methods should be employed. Moreover, experimental observations can also be helpful in identifying and selection of the consistent boundary conditions. 
Anisotropic strain gradient Euler-Bernoulli beam
For slender beams, instead of a shear deformable theory (such as Timoshenko beam theory), the EulerBernoulli beam theory can be used. According to the Euler-Bernoulli assumptions, the displacement field of the beam is
8 By substituting equation (34) into the von Kármán strain tensor (3), the only non-zero component of strain tensor reads
Using the definitions of the resultants (20) and (21), the variation of the strain energy of the beam takes the form
Following a similar procedure as described in the previous section, the governing differential equations of the gradient elastic anisotropic Euler-Bernoulli beam read
The corresponding boundary conditions at x = 0 and x = L are given by
Similar to the Timoshenko beam, the non-classical boundary conditions (39-2 and 39-5) have two possible options which, here, are selected according to the feasible analytical solution. As discussed earlier, proper numerical methods should be employed to look into the effect of these conditions.
Solution and discussion
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In this section, the centrosymmetric anisotropic beam formulation is simplified for orthotropic materials which are generally of more practical use. In order to simplify the general anisotropy to the specific case, the Voigt notation is employed (Voigt, 1928) C ijkl → C st , s, t → 1, 2, ..., 6 : 11 → 1, 22 → 2, 33 → 3, 23 → 4, 13 → 5, 12 → 6.
This "shorthand" notation leads to briefer expressions.
In a general case, the solution of the resulting governing equations should be obtained by numerical methods. In this paper, in order to elaborate the size effects on beam structures, analytical solution is provided for the specific cases of simply supported Timoshenko and Euler-Bernoulli beam and a clamped
Euler-Bernoulli beam.
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Orthotropic materials, can be assumed to be composed of orthorhombic crystals. The matrix of anisotropic length scale for an orthorhombic crystal reads (Appendix A)
Using Voigt notation, the elastic modulus tensor for orthotropic material is given by
Consequently, the components of the stress tensors (10) are simplified to
The stress resultants are given by equations (22), while
For an orthotropic Timoshenko beam, the governing equations (30), (31) and (32) are reduced to
Moreover, the boundary conditions (33) are simplified to
Integrating equation (45) with respect to x results in
We assume that the beam is supported at x = 0 and x = L such that u 0 (0) = u 0 (L) = 0. Also, in equation (48-6), the first option for the non-classical boundary condition is chosen (i.e. Λ xx N xx,x = 0). Considering these assumptions, integrating equation (49) 
where S = L A xx . The constant C is given by
Considering the equation (45), we have the following identity
Substituting equation (53) into (46) and assuming that the distributed axial load f x is equal to zero, the governing buckling equations for an orthotropic Timoshenko beam are obtained which can be written in terms of displacement and rotation as
In equation (54), P b is given by (56) which results in the nonlinearity of the governing equations. It is noted that by setting Λ xx = Λ zz = 0 in equations (54) and (55), the classical buckling equations for a Timoshenko beam are recovered (Reddy and Mahaffey, 2013) .
Following the same procedure, the governing buckling equation for an orthotropic Euler-Bernoulli beam
For an isotropic beam with a large aspect ratio, the Poisson effect is usually neglected for the sake of simplicity (i.e. C xxxx = E) where E is the modulus of elasticity (Dym and Shames, 2013) . Setting Λ xx = Λ zz = l 2 and 120 C xxxx = E, equation (57) is simplified to the governing buckling equation of an isotropic Euler-Bernoulli beam (Akgöz and Civalek, 2011) .
The nonlinear equations (54) and (55) 
Orthotropic simply supported beam
In this section, we determine the buckling load of an orthotropic simply supported beam within both
Timoshenko as well as Euler-Bernoulli beam theories. First, consider an orthotropic simply supported
Timoshenko beam subjected to an axial compressive load P at the end. The boundary conditions (33) for a simply supported Timoshenko beam read
The governing equations (54) and (55) 
Substitution of (59) into (54) and (55) while assuming
The k i components in the matrix equation (60) are
For the existence of a non-trivial solution, the determinant of the coefficient matrix in (60) must vanish. Accordingly, the buckling load is obtained as
Setting Λ xx = Λ zz = 0, equation (62) is simplified to the buckling load for a classical Timoshenko beam (Timoshenko and Gere, 1989 )
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The boundary conditions (39) Following a similar procedure as used for the Timoshenko beam, the buckling load is obtained as
Setting C 11 = E and Λ xx = Λ zz = l 2 , the buckling load P (65) will reduce for that of isotropic gradient elastic simply supported Euler-Bernoulli beam (Akgöz and Civalek, 2011)
while I = ∫ A z 2 dA. In the classical case (l = 0), the equation (66) reduces to the classical buckling equation (Jones, 2006 )
The critical buckling load and its corresponding mode shape can be determined by minimizing the buckling load. In order to study the effect of the internal length scale parameters on the behaviour of the beam, a 130 specific case is studied here. A simply supported beam is assumed to be made of orthorhombic crystal TiSi 2 with elastic constants C 11 = 317.5 GPa and C 55 = 75.8 GPa (Ravindran et al., 1998) . The dimensions of the beam are considered to be b = 1 µm and h = b. It is noticed that the buckling load increases for the nonzero length scale parameters. Moreover, once the length of the beam (L) is reduced, the buckling load is highly influenced by the length scale parameters.
In other words, for the lower values of L, the increase of the internal length scale parameters leads to significantly higher buckling load. In contrast, once the length of the beam is order of magnitude higher 140 than the length scale parameters, the predication of the gradient theory tends to the classical theory. For the analysis of the shear deformation effect, the results obtained by beam models are compared and depicted in figure (4). It is noticed that the Timoshenko model leads to lower values of the critical buckling load. This difference is insignificant for mode 1, while for the second mode, the shear deformation effect is dominant. It is also observed that for slender beams, the effect of shear deformation vanishes. As illustrated in figure (4), this effect is qualitatively similar for both classical (Λ xx = Λ zz = 0) and gradient elasticity (Λ xx = Λ zz = 0.01b 2 ).
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The effect of the internal length scales in x and z directions are investigated in figures 5 and 6 for Timoshenko and Euler-Bernoulli beams, respectively. It is found that the nonzero internal length scale along z axis leads to higher values of the buckling load in comparison to similar nonzero length scale in x direction. Accordingly, this influence of the internal length scales should be taken into account for the 14 selection of the material and design of the beam structure. It is also noted that the classical buckling loads 155 (i.e. for Λ xx = Λ zz = 0) are less than those of gradient elasticity. 
Orthotropic clamped Euler-Bernoulli beam
In this example, we assume an orthotropic Euler-Bernoulli beam which is clamped at both ends and is subjected to a compressive axial load P at the end. The boundary conditions (39) for an orthotropic 
Equation (57) can be linearised by setting P b = P and rewritten in the following dimensionless form
and
The ordinary differential equation (69) has the solution of the form
By definition, the loading P is positive for the compressive load. Accordingly, for buckling analysis, the parameter a 2 is positive, and λ 1 and λ 2 given in (73) are always real numbers.
According to boundary conditions (68), the solution (72) should fulfill the conditions
Consequently, the boundary conditions (74) in view of the solution (72) result in the matrix equation
where 
Conclusion
Buckling of centrosymmetric anisotropic beams is investigated based on the strain gradient elasticity theory.
For this purpose, the Timoshenko beam and Euler-Bernoulli beam theories are employed. The resulting model allows one to study the size effect on any types of centrosymmetric anisotropic beams.
To investigate the size effect on the buckling behaviour of beams, the general formulation is simplified Moreover, it is concluded that the internal length scales in x and z directions have different impact on the buckling load. In fact, the set of internal length scale Λ xx = 0, Λ zz = 0.01b 2 results in higher values of buckling load comparing to Λ xx = 0.01b 2 , Λ zz = 0. This behaviour should be taken into account for the material selection and design of the beam structure.
Finally, regarding the shear deformation effect, it is observed that the Timoshenko model leads to lower 180 values of the critical buckling load in comparison to Euler-Bernoulli model. This difference is more significant for higher modes, and also vanishes for slender beams. Additionally, the shear effect is qualitatively similar for both classical and gradient elasticity theories.
